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Definition

An array of numbers (functions)

GNP
A= d,; dy
d;;  dg,

Linear equations:

Ay X ta,X, + 3% = b1 a
Ay X T Ay,X;, +8y3X; = bz b

C
A X; +85,X, + 53X = b3

d; d, 93
a21 a22 a23
a31 a32 a33
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Ex. rotational matrix

cosa sSina 0
U=|-sinae cosa O
0 0 1
=(ay a, a,) TR ERL
:(a21 Ay, azs) a-bxc:a21 Ay; Ay
:(331 as, a33) d;; 4y, dgg
° A= ..
o det 0 homogeneous: nontrivial
b, Inhomogeneous: no solution
b, oedet A=0

homogeneous: trivial

0?

Inhomogeneous: unique solution
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Properties -
1. Equality
A=B => a;=b;
2. Addition
1. Associativity (A+B)+C=A+(B+C)
2. Commutativity A+B=B+A
3. Distributivity a*(A+B)=a*A+a*B; (a+b)*A=a*A+a*B
4. Null matrix (identity element of addition)
A+0=A for any A
3. Scalar multiplication
1. Compatibility a*(b*A)=(a*b)*A
2. ldentity element 1*A=A
4. Multiplication
1. Not commutative in general
2. Direct product A®B=C (AB)"=B*A™
5. Inverse matrix |AB|=|A|B|
AA1=|
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Trace

Diagonal Matrix: all nondiagonal elements are zero.

a, 0 O
A= 0 a, O
0 0 a,;

Trace: the sum of the diagonal elements

Trace(A—B) =Trace(A) —Trace(B)

Trace(AB) = > (AB); = Zzaijbji _

D2 bua; =2 (BA); =Trace(BA)

]

Trace(|A,B])=Trace(AB —BA) =0
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Inversion

Matrix Inversion

AA =ATA=1

With —1 __ (—D
! (A )ij — aij a (-1 Cij
: A

Assumption that A\,

If M, A=1 then |\/|L=A_1 . For example :

3 21 321 100 100 7?2 7?27
A=12 3 1 A=l2 31 01 0|»0107?77?27
114 114 001 0o017?7?7
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Quiz
1. Aand B are anticommute. A*=B’=1. Show
trace(A)=trace(B)=0.
2. The matrix equation A?=0 does not imply A=0. Show

that the most general 2x2 matrix whose square is zero
can be written by
ab b?
[—az —abj

detC = det A+det B

1
1
4

Mathematical Methods in Materials Science 6

3. |f C=A+B, in gerneral

R NN DN

4. Find the inverse of 3
2
1
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Rotation

Take the 2D space for simplicity,

. A
for any vector A, its new
representation in a rotated axes is
given by
A c0sd sindA The image here is removed due to
{AJ = (—sin 0 cos QJ{AJ copy right issues
Rotate the vector instead of the coordinate
. -1 '
A _[ cos¢  sing A Orthogonal matrix
A, | (-sin@ cosd) | A _
cos® —singd\ Al U :( CO_SH >IN 9]:(% alzj
“lsing  cosd A —sin@ cosé a,, a,
uut=lI
Orthogonal condition: > a8, =0,
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Transpose Matrix

Definition: N . ==
all a12 a13 s ail a21 a31
A=, a8y ay A=la, a, a,
a31 a32 a33 a13 a23 a33
For orthogonal matrix: ;&A —1
z l,aij Qi = Ok

! =) AA= AA =

1
2 a8, =5 AiA 1 }—nﬂ&zAl
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Diagonalization

Momentum of inertia matrix:

L=lo I :Zm.(rz—x?)
LX IXX Ixy IXZ a)X N i | | |
L=l 1, 1,] o, Ly ==2_MXY,
L o Ly L L r=(x,Y,2)
In the body fixed frame: r\z
L, .. 0 0 Yo,
Ly = O Iy'y' O C()y \\\
L, 0 0 I.)\o
(nfijn) =
) =U|n) = (|1} = (n|T1U]n) "
U'u=1=U"TU or I'=UIUY U=? X
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Eigenvalues

Momentum of inertia matrix:

DI’ZID D:(V11V21V3)
Iv. =1llv,
(1-A1)v=0
Secul ti 1 0 :
ecular equation: Nz N2
] 0 1 0 Jg %?
1-21=0 A=l1 0 0 U=|-= 0 =
2 2
000 g_ 1 %;
Ay 5 A="
L, 1,-4 1, |=0 =
sz IZy IZZ —4 01 0 1
A: B -
0 O -1 0
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ﬁermltlan, Unitary

Hermitian Matrix, Unitary Matrix

1. Complex conjugate, A* , formed by taking the complex conjugate

of each element, where | =+/—1

2. Adjoint, AT, formed by transposing A*, Aft= ,Z\*

3. Hermitian matrix: The matrix A is labeled Hermitian (or self-adjoint)if A=At
If Ais real, then At = A and real Hermitian matrices are real symmetric matrices.

4. Unitary matrix: Matrix U is labeled unitary if
Ut= Uyl

If Uis real, then UT = (J so real unitary matrices are orthogonal matrices.

5. (AB) =AB, (AB) T = BTAt
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Hermitian

Eigenvalue equations:
Alr)=2A|r)

Real eigenvalues and orthogonal eigenvectors

A‘ ri> - Mri> Ex. Degenerate eigenvalues
Alr. Y= A.Ir.
‘ J> ] J> 10 0 0 0 1
A=(0 0 1 g=| L L o
X r|r)=0 - V2 2
( JX J > 0O 1 0 _i i 0
J2. 2
Anti-Hermitian matrix: A =- At A=-111
If Hermitian matrix A to be diagonalized by unitary matrix U, we have:
det(exp(A)) =exp(tr(A))
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Normal

Normal matrix: [A, At]= AAT-ATA=0

Hermitian, Anti-Hermitian, Unitary matrices are all normal matrices.

Orthogonal eigenvectors

1. A and At have the same eigenvectors with the eigenvalues are
complex conjugated to each other.

Alr) = 2r)
A®|ry=X|r)
2. For any different eigenvalues, the corresponding eigenvectors are
orthogonal.
Alr)=A4r)
Alr )=A.1r.
) =Aln) (=2 |r)=0
(r|Ar;) =2
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