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1. Closure 

2. Associativity

3. Unit element

– Uniqueness: e =  e’ * e =  e’.

4. Inverse element 

– Uniqueness: a’-1  = a ’-1* ( a * a-1 ) = ( a’-1 * a ) * a-1 = a -1.
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A set of objects or operations, rotations, transformations, called the elements of  G, 
that may be combined, or “multiplied”, to form a well-defined product in  G, that 
satisfies the following four conditions:

GbaGba  ,,

aeaaeGaGe  ,,

   cbacbaGcba  ,,,
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D3={e, d, f, a, b,c}
e: no operation d: 2/3π about z axis
f: 4/3π about z axis a: π about 1 axis
b: π about 2 axis c: π about 3 axis 
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Multiplication table



Examples: Orthogonal  and  Unitary Groups

• Orthogonal  n ×n matrices form  group  O(n), and SO(n)  if their determinants are  
+1( S stands for “special” ).  

If                      for i = 1 and  2  are  elements  of O(n), then  the product

is  also  an  orthogonal   matrix in O(n), providing  
closure under ( matrix ) multiplication.

• Likewise, unitary n ×n matrices form  the group U(n), and SU(n)  if their determinants
are +1. If  Ui † = U i

-1   are elements of U(n), then
(U1U2) † =   U2 †U1 †  =    U 2

-1 U I 
-1 =  (U1U2)-1 , so  the product is unitary  and  element of 

U(n), thus  providing  enclosure  under multiplication. Each unitary matrix has  an inverse
, which again is unitary.
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Mapping 
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Homomorphism:
Correspondence between the elements of two groups (one-to-one,  two-to –
one, or many –to –one) that preserves the group multiplication

Isomorphism:
One-to-one correspondence between the elements of two groups that 
preserves the group multiplication

f1 f2
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Vector space
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The collection of vectors forms vector space. And it has the following properties: 
1. Vector equality

1. A=B => Ai=Bi

2. Addition
1. Associativity (A+B)+C=A+(B+C)
2. Commutativity A+B=B+A
3. Distributivity a*(A+B)=a*A+a*B; (a+b)*A=a*A+a*B

3. Scalar multiplication
1. Compatibility a*(b*A)=(a*b)*A
2. Identity element 1*A=A

4. Negative of a vector (inverse element)
A+(-A)=0

5. Null vector  (identity element of addition)
A+0=A for any A

Commutative addition group



Linear mapping
材料科学数学基础

2013/9/26 by Guohua Tao  
taogh@pkusz.edu.cn

8Mathematical Methods in Materials Science

 








n

i

iinn

i

n

exexexexx

KxVx

eee

1

2211

21

...

,

,...,,

Linear transformation:

If A is a one-to-one mapping,
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N-dimensional linear space:

Basis set:
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Representation
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Group

If A is a homomorphic mapping from group G to the linear transformation 
group L(V,C) on linear space V, it is called a linear representation of group.

Linear transformation group

Matrix group

Nonsingular 
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