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Quantitative Calculation

Self consistent field method, Hartree, 1928; Symmetry corrected by
Fock in 1930, now known as Hartree-Fock method.

Perturbation theory, ground state for two-electron systems,
Hylleraas, 1930.

The cellular method, Na metal, electronic energy and total energy,
Wigner and Seitz, 1933; energy band, Wigner and Seitz, 1934; Slater,
1934. Cu bands, Krutter, 1935; NaCl, Shockley, 1936.

Augmented plane waves, Slater, 1953.

Orthogonalized plane waves (OPW), Herring, 1940.

Effective potential (pseudopotentials), Fermi, 1934; Hellman, 1935.
Calculation on semiconductors, Ge, Herman and Callaway, 1953
Density functional theory, Kohn and Sham, 1964

Materials Computation and Simulation 2


http://en.wikipedia.org/wiki/Coordinate_covalent_bond
http://en.wikipedia.org/wiki/Coordinate_covalent_bond
http://en.wikipedia.org/wiki/Coordinate_covalent_bond
http://en.wikipedia.org/wiki/Coordinate_covalent_bond
http://en.wikipedia.org/wiki/Coordinate_covalent_bond
http://en.wikipedia.org/wiki/Coordinate_covalent_bond
http://en.wikipedia.org/wiki/Coordinate_covalent_bond
http://en.wikipedia.org/wiki/Coordinate_covalent_bond
http://en.wikipedia.org/wiki/Coordinate_covalent_bond
http://en.wikipedia.org/wiki/Coordinate_covalent_bond
http://en.wikipedia.org/wiki/Coordinate_covalent_bond

PRREE 5
Hohenberg-Kohn Theore

An exact theory for many-body systems consisting of interacting particles
for electrons and fixed nuclei in an external potential

General Hamiltonian

e 7,2, 7 )
B Zz Z\R RJ\ 2m, ZV‘ Z.:

I:t.]

T ]

J\

~ hz 2 1 e2 Vext (r) S;no(r)
H __Z—meiZVI | Vext( ) E; ri_rj‘ U i
Theorem I: ¥ ({r) = ¥, (ir})

For any system of interacting particles in an external potential, the potential is

determined uniquely, except for a constant, by the ground state particle density.
Theorem lI:

A universal functional for the energy E[n] in terms of n(r) can be defined, valid for

any external potential V(r). For any V(r), the ground state energy is the global

minimum of this functional, and the density n(r) that minimizes the functional is

the ground state density.
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Proof of Theorem |

The density of particle

(P[A(r)w) J'd3r2...d3rNZal\\P(r,rz,r3 ..... re)
(P|¥) [d°rd®n,..dn W (r, . r )

density operator

A(r) = i&(r—ri)

n(r) =

The total energy may be expressed
(PIHIY) _ay i
=2 1 1 7T =(H)\=(T d3rv —
<IP‘\P> < > < > < |nt>+J. ext ) (r)+ nuclei
Assume To prove the uniqueness of V_.(r)
SVEV2()=n(r) A0 A = w0, 9@ o (1)

For the state 1, we have EO® < > < > _

(R 000

—E‘2)+jdr O(F)=V.2(r)hy (r) -m=) EO 6'6 E®

£ <9+ [l @) VEOhG)

Corollary I: Many-body wavefunctions for all states are determined. All properties

of the system are determined by the ground state density.
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Proof of Theorem I

The space of densities in which functionals of the density can be constructed.

The total energy functional V-representable

Epi [N =TI+ E, [n]+ [ A0, (r)n(r)+ E

= R[]+ [ d°WV, (rn(r)+ E

All internal energies of the
interacting electron system

nuclei

Consider a system with n(l)(r)<:>ve£(1t)(r)

EO _ g [holz/po
ground state density HK[ ] <

H (1)‘ ‘P(1)>

For a different density n®@ (r)@Ve(xf)(r) E® =<‘P‘l’

H (1)‘ ‘I’(l)> < <‘P(2)

H (1)‘q;(2)> _E®

If the functional is known

Fa [n]=T[n]+ Eint[n]

Corollary Il: Minimizing the total

The functional E[n] is sufficient to determine the eXact g energy functional w.r.t
ground state density and energy. density function
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Kohn-Sham approach

Replace many-body problem by an auxiliary independent-particle problem.

Assumptions:

1. Non-interacting V representability. The exact ground state density of
the interacting electron system can be represented by the ground
state density of an auxiliary system of non-interacting particles.

2. The auxiliary hamiltonian includes the usual kinetic operator and an
effective local potential V.5 (r) acting on an electron.

Many-body problem Non-interacting problem
Voi(r) =nyfr) s nlr) SVl
U f o U
Y ({r}):> ‘Po({r}) Wi:l,...Ne(r)C Vi (r)
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Kohn-Sham approach

The auxiliary hamiltonian for

(2 1 (e2
independent particle system: He = —EVZ +V(r)
For a system of N mdependent electrons
Kohn-Sham energy functional for ground state: n(r r)
()= )= S 3 )
KS [n] T [n] + EHartree[n] +Id ext ) (r)+ Enuclei + Exc [n]
Exc [n] = |:HK [n] o (Ts [n] + EHartree[n]) FHK [N]=T[n]+ Eim[n]
N7 1 ,n(r)n(r’
:__22—1:<W| ‘ Z‘Wi > ZZJ.d F‘VWI X EHartree[n]:EJ.dsrdBr ‘(r)_fr‘)
Variation w.r.t wavefunction:
ﬁKS _ é-rs + aEHartree + dzext + £XC &'\(I’,O‘) _0
Sy*7(r) oy (r) Lon(r,o) onlr,o) on(ro) op*(r)
iy} =60 LA SR X N
s 2" s )
Kohn-Sham equation: 1
( i e HE(r) == V2 + Vi (1)
Hys — & )= E E E
V o — Hartree ext XC — V V V o
KS(r) &'](r,G)—i_a'](r,O')_i_&'\(r,O') Hartree(r)+ ext(r)+ xc(r)
2016/03/07 by Guohua Tao Materials Computation and Simulation 7
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Hartree-Fock theory

Hartree Equation

One particle spin

Uf(_ﬁﬁ = ::') (pl(?‘l)q)’}(r’?) q)i?( ) orbitals

——v +> V(R —s)+ZJ|@j(j>| —

fi? ] ]

I

Coulomb operator <) Hartree potential

dr; \p,(1;) = £p,(1;)

i

Sl

Single Slater determinant
for Fermions

¢1(I’1) ¢1(r2) ¢1(rN)
1 ¢2(I’1) ¢2(I’2) ¢2(rN)
¢i(r1’r2""er):ﬁ : : : :

¢N(r1) ¢N(r2) ¢N(rN)

Coulomb operator Exchange operator

)| (1) >dr}¢<) [w " dr}f()
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Chapter 8: Functional and
variational principles

. Functional and variation
Hamilton’s principle
. Variation with constraints

Rayleigh-Ritz method
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Functional

Integration over path:

= J‘sz f(y,y,,x)dx y
oy
— X1 ] X - —
y=y(xa)y.=—
Variation of path:
(%) =n(x;) =0
y(X,a)z y(x,0)+ an(X) X1,Yq1 I
& =y(xa)-y(x0)=anty XD _ 0 "
Stationary path: oy, (X, a) _dn(x) The deformation of the path
da  dx
y = y(x,a=0) 8‘39(“) =0
(04 a=0 X 8f d77 Xo af
aJ(a):IxZ of oy of oy, |y, Ty ax )ayxxl_Ll"( )_8yx x
Ocx oy da 0y, O« —

X2 d .| of d of
e erls o .
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Euler equation

Another form: I £(y,y.,x) % _ 5

of d ( of J

——— f - yx =0

ox dx oy,

Speci _ Necessary but not
pecial case:
f=1f(y,y,) =— f—y — const. sufficient to obtain a
X stationary path
Examples:
ds = /(dx)? +(dy? =1+ y2dx y

J =J'XX2 f(y,y,,x)dx :LXZ ds :LXZ 1+ yZdx

f—y o _ 1+y2 —y Y 1 =C
" oy, T 1+y? 142
= y=ax+Db X

2013/11/21 by Guohua Tao
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Hamilton’s principle

Several dependent variables:

NI EE

3= [T F (000 Y2 (0)1eets Y 00, Vi 00, Y (s Vi (30, X)X

Define neighboring path: Y, (x, a) =Y, (X’O)"' ary; (X)

& X)AX =0 sy
le Z( oy, dx GY.X}/( ) - Euler equation

Lagrangian:
L=T-V Stationary value of the action: O " L(Xl, Xo yeeny Xy Xy Xoyenny X, ,t)dt =
4
Lagrangian EOM
oL d 8L
OX; dx 6x
Example: Cylindrical coordinates:
1 . 1 1 1
T ==mx T==mx*>+=my® ==(p°+ p°p°
o(T -V d o 2V d 2 2 ’ 2(p 7Y )
TV Ao Cmi=F0  d, .. .,  d
OX; dx.  OXx dx a(mp)—mp(p =0, . (m,o (p)zO
2013/11/21 by Guohua Tao Mathematical Methods in Materials Science 12
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Laplace equation

Several independent variables:
J =m f(u,ux,uy,uz,x, y,z)dxdydz

Variation:
( )=u( 0) o) (a)
u(x,v,z,a)=ul(x,y, z,0)+an(x,y, z) o= p =0
124 a=0
0 () of of of of
= — —n, (dxdydz =0
oa |, Ijj(au"+aux T ou, M "ZJ xavee

of o of o of o of
——— — —— , Y, z)dxdydz =0
:IH(GU ox ou, oy ou, oz auz}(x Y, 2)dxdlydz

_

Euler equation

Example:
Energy density 2
J= H _[ (Vo) dxdydz = _m (0F + 2 + 92 Joxdydz
_ E:SEZ . 1 (V )2 y
P—Z —2‘9 P & =0=V?p(x,y,z)=0
2013/11/21 by Guohua Tao Mathematical Methods in Materials Science 13
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For a function to be an extremum:

f=1f(xy,z) df :qu+idy+qd2=0
OX oy oz

Variables are subjected to constraints:

op op
— d dx+ Pdy+Z2dz=0
o(x,y,2)=0 =" EVA

df +ﬂ,d¢=(i+/18—¢jdx+ ﬂ+ﬁ,a—(p dy+(g+ia—(pjdz =0
OX OX oy oy oz oz

of 0
Assuming op -~ (0 choosing the Lagrangian multiplier to satisfy —+ 222 —0

oz oz oz

of 19, of 19, In general
— C 2P0 Z42%% 9 ; X 524,90 i=12..n

OX OX : OX.

Example:
QM particle in a rectangular parallelepiped To determine the shape of the constant-
- h_z(i+i+ij y ) y volume box, which m2inimize th2e energyli
8mia? b? c? —ane= aabc = h _ h _ h
4ma® 4mb® 4mc?®
f(a,b,c)=E(a,b,c), ¢(a,b,c)=abc—k =0 e a—bec
2013/11/21 by Guohua Tao Mathematical Methods in Materials Science 14
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M ATEY

Make the action stationary:
_ é»l
J —_[ f(yi,—axj ,xjjdxj

X; independent, y; dependent
Variables are subjected to constraints:

Dy (yi » X ): 0
Choosing the Lagrangian multiplier to satisfy
[ 266 o (v % Jox; =0 = 5[ A, (x; Jo (1, %, Jex; =0

Alternatively

@l Y, —-,X; [dx, =const. = o ﬂkgpk{yi’_"X_JdX_ _
J. [ aXJ ! ] I 6XJ J J

ay:ijE,%Z,x,.};zk(xj)%(yi,xj)}dxj:o

Euler-Lagrangian equation

Define:

2013/11/21 by Guohua Tao
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Lagrangian equation

No constraint: With constraints:
d oL oL
— =0 . B
dg, 64, g, s [L(qi,qi,t)+gﬂk(t)(pk (qi,t)}dt =0

Constraint Lagrangian EOM

In case of that

d oL oL 0P,
————=2.8 o =old.t) = a =——=
dg; &g,  oq, ; . =odant) !
Example:
Euler equation for a QM problem Constraint:
5“_[ w*(x,y,2)Hw(X,y,z)dxdydz =0 _m v “wdxdydz =1
h2
l H = —%VZ +V(X1 Y, Z) W,y vanished at the boundary
h’ . . h?
5”:“ EVQ// -V +Vy 'y [dxdydz =0 g:ﬂVW*-Vl//nLVl//*l//—/h//*l//
a9 o g o g o oy Schrodinger wave equation
A F AL w Ao A * 0 hz 2
oy" Ox oy, oyoy, o1y, —) —%V y+Vy =y
2013/11/21 by Guohua Tao Mathematical Methods in Materials Science 16
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Rayleigh-Ritz

Strum-Liouville equation Normalization condition:

b
J= _[:[p(x)yf —q(x)yz]dx Ia y?w(x)dx =1
Variation under the constraint o
q q Calculus of variations <&
AJ=0= d_( p(x) d—yj +q(x)y+Aw(x)y =0  eigenfunction/eigenvalues
X X

Define a functional:

b b d dy )
I:[p(X)Yf —Q(X)yz]dx - pyxy|a_fa[ym((pw(j+qy }dx )

F [y(x)] = b b -
2 2
[, y*w(x)dx [ y2wax
a a
Assuming the ground state o
eigenfunction and eigenvalue: F [yo] = A,  The zero order approximation

i Small titi
The guess function takes the form: matl quantities

y=1Y,+ Zci Y;<—_ Orthonormalized

i=1 eigenfunctions

2013/11/21 by Guohua Tao
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Rayleigh-Ritz

Note:
ol d (_dy; d dy
[ [dx [ P j+ qyi}yidx =—49; &( p(X) &} a(x)y +Aw(x)y =0
Approximate function: _
X'O + Zcizﬂfl o
F[y(X)]z = ~ Ay +Zci2(ﬂ’| _/10)
1+ > c? =1
Example: i1
Vibrating spring fixed at x=0 and x=1 Exact solution:
2
c ¥+/1Y=0, y(0)=y(@) =0 Yo(X) =sinzx, A ="
X
Rayleigh-Ritz
p=1lw=1
y(x) = X(1—x) 2-nd order approximation:
_ . 201 W\2
,[01(1_2)()2 & 1/ y(x)= x(1—x) +a,x*(L—x)
Fly(x)]= X x) o =130~ a, =1.1353, F[y(x)]= 9.8697
0 % ~9.8696
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