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Reducible representation

Reducible representation:
A is a representation of group G on the representation space V.
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Completely reducible representation:
A is a representation of group G on the representation space V.
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Representation

Reducible representation:
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Completely reducible representation:

Irreducible representation:
A is a representation of group G on the representation space V.
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Unitary representation
Inner product space:
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Unitary representation:
A is a representation of group G on the inner product space V,
A is a unitary transformation on V.
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Rotation group SO(2):

)exp(sincos1
cossin

sincos
)( 222 




 iiR 












)())(exp()exp()exp()()( 21212122212   RiiiRR



Generator
材料科学数学基础

2013/10/10 by Guohua Tao  
http://web.pkusz.edu.cn/taoguohua

6Mathematical Methods in Materials Science

2

00 01

10

sincos

cossin)(







































ii
d

idR

Infinitesimal transformation:
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If det(R)=1,

To determine the generator of rotation group SO(2):
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The generators of rotation subgroups of SO(3)=?
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Definition:

Rotation group SO(2):
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1. G is a group
2. G is a n-dimensional         manifold
3. Both product φ and inverse τ are           mappingC

C

Reference: 
Serge Lang, Real and functional analysis, 3rd edition, Springer-Verlag, New York, 1993.
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Multiplication law of generators:
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Definition:

  VX,YVYX  product  Lie the,,

A vector space V with a bilinear skew-symmetric operation 
, which satisfies the Jacobi identity.

VVV 

Example: 
The set of n x n matrices becomes a Lie algebra if we define the commutator by [A,B]=AB-BA.

V is n-dimensional vector space on number field R

1. Bilinear

2. Skew symmetric

3. Jacobi identity
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Discrete group
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Theorem: 
If group G is an nth-order group generated by rotations around a fixed 
axis k, then it is generated by                         . nCk /2

Examples:
• Point group: rotation and reflection (the origin is fixed).

a finite subgroup of O(3).
Space group: point group + translation

32 distinct point groups and 230 space groups.
• SO(n)
• Additive group of integers 

Group

finite group

infinite groupcontinuous group

discrete group
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The first type of point group: 
The ni order axis of group G
Nonequivalent rotation n-1

inC

•Rotation Cn (first type): 
N-th order cyclic group 

•Inverse (second type):
{E,I}

•Rotation inverse:
ICn

•Reflection:
IC2
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1. l=2

(1) Cn group: n1=n2=n,  n=2,3,… 

2. l=3

(2) Dm group: n1=n2=2,  n3=m n=2m, m=1,2,3,…
(3) T group: n1=2, n2=3,  n3=3, n=12
(4) O group: n1=2, n2=3,  n3=4, n=24
(5) Y group: n1=2, n2=3,  n3=5, n=60

Point group
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