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complex variables
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1. Addition 

2. Multiplication 

3. The polar form

Algebra
材料科学数学基础
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Complex variables: an ordered pair of two real variables z=(x, y)
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1. Translation 

2. Rotation

3. Inversion

Mapping
材料科学数学基础

2013/10/18 by Guohua Tao  
http://web.pkusz.edu.cn/taoguohua

4Mathematical Methods in Materials Science

Functions of a Complex Variables
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Multivalent functions
材料科学数学基础
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Functions of a Complex Variables
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1. Derivative of a real function: 

2. Derivative of a complex function: 

3. Cauchy-Riemann conditions

Analytic functions
材料科学数学基础
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Derivative of a general function:
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1. Analytic: 

2. Conformal mapping: 

Analytic functions
材料科学数学基础
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If the limit exists, 

Examples: 

Contour integral
材料科学数学基础
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Stokes’s theorem proof:
a simply connected region R, a function f(z) is analytic and its first 
partial derivatives are continuous, for any closed path C in R, 

Cauchy integral theorem 
材料科学数学基础
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Cauchy integral formula 
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Taylor expansion:

Laurent expansion: 

Laurent expansion
材料科学数学基础
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Isolated singular point:   f(z) is analytic in V*(z0; R).

Poles: 

Essential singularity: 

Branch points: 

Singularity
材料科学数学基础
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Residue theorem
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Definite integrals
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Cauchy principle value
材料科学数学基础

2013/10/18 by Guohua Tao  
http://web.pkusz.edu.cn/taoguohua

15Mathematical Methods in Materials Science
















residues enclosed2

semicircle infinite)()()()(
00

0

i

dxxfdzzfdxxfdzzf
CxC

x

x







 

















 0

0

)()(lim)(
0 x

x

dxxfdxxfdxxfP











z

dze
PI

x

xdx
I

iz

z ofpart imaginary   the,
sin

Isolated first order pole directly on the contour of integration

Ex .

y

x
x0

O

z

R-R
R

1
0

)(  aidzzf
xC



Define

i
x

dxe
P

x

dxe
P

z

dze

z

dze

x

dxe

z

dze

x

dxe

z

dze

ixix

C

iz

C

iz
R

r

ix

C

iz
r

R

ixiz























0

0

1

21

 


 x

xdx
I

sin

y

xr

C2

z

R-R
R

C1

0r



Dispersion relations
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(Hilbert transforms)
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• Chap 7:

7.2.7, 7.2.12, 7.2.15, 7.2.18, 7.2.19, 7.2.22, 7.2.24


