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Algebra

Complex variables: an ordered pair of two real variables z=(x, y)

1. Addition
2, +2,=(x,¥,)+ (%, Y,)

2. Multiplication
£1Ly; = (X1’ y1)° (Xz’ yz): (X1X2 —Yi¥Yor XY, X, yl)

.. . 2
Z=xX+iy,i*=-1 7*=x—ly, 2z* =|¢
magnitude

3. The polar form

z=r(cos@+isin)=re" N

2| —|2,| <|z. + 7,| < |z,] +|2,)]

2,2, =|z,|-|2,|,arg(z,2,)=arg z, +arg z,
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Mapping
Functions of a Complex Variables

w= f(2)=u(x, y)+iv(x, y)
z—plane (x, y)——w-plane(u, V)
1. Translation

Yy Z
W=2Z+2,
. y=¢ o
2. Rotation g )
W= 22, Ny
3. Inversion
_ . L __ X ___ Y
W:;:pel(p’zzrele U+IV—X+iy:>U—X2+y2,V— X2—|-y
¥ = u y=— V
:>,O=F,(ﬂ=—9 S uZ4v? u® +v?

o] (3]
y=C=>U"+|V+ =
2C 2C
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Multivalent function .
Functions of a Complex Variables
W= e, 2=re” Cut line
Two-to-one T
2 2 RN
o W=Z"=p=r",0=20
u+iv=(x+iy) =u=x*-y?,v=_2xy
One-to-two
1/2 1/2
e W=Z"=p=r""20p=0 Riemann surface of z1/2
Many-to-one
o W=¢e’= pO= e*, p=Y Images here are removed
due to copy right issues
One-to-many
® w=Ilnz=u=Inr,v=0+2nr
Riemann surface of Inz
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Analytic functions

Derivative of a general function:

lim f(z+2)—-(2) _lim o (2) _1(2)
aZ—0 7+0.—2 &0 &

1. Derivative of a real function:

F (X)

Z=X;0 =X fim 4 X+ =10 _ — £'(x)
&—0 X+ X — X &0 AX
2. Derivative of a complex function: F(2)3au . ov
_ _ lim = —+Ii
oL = X+ 10y S Su+iov 320 &7 OX  OX

of =U+idv = 52_5x+i§)/ éT(Z)5><:=° .o0u oV

lim —l—+—
250 57 oy oy
3. Cauchy-Riemann conditions y _
__S_Y:Q__> ) ZO
6x->0 A
ou év. ou  ov i 0x=0
ox oy'ey  ox | 0y->0
X
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Analytic functions

1. Analytic:

Cauchy-Riemann conditions e===  3f'(7)
V(z,;¢)= {z |z -2z, < g},Vz eV
if f(z)isdifferentiable, then f (z)is analyticat z,
If f(z)isanalyticin field D, then f (z) is an entire function.
2. Conformal mapping:
y(t) smoothcurvein field D:0 <t <1, ¥(0) =z,

o) = fly®] o' ® = Ol

NN ot (t)
o'(0) = 1'(2)7'©) vl " >
argo’'(0) =arg f'(z,) +arg»'(0) ()
) e
g (0)-agol(0)=arg /40 -ag Q)
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Contour integral

If the limit exists,
S, —Zf (¢ )z, -2,,)
j f(z)dz_llme ¢ )z, -2,4)

n—o0

Examples:
Yy
1
D 1=— jz”:? 2i
27 Clz|=r>0 _ C2
I\ﬁl
dz 0] 1 >2 X
(n=-1) (2 1=)—=7
=1 (n=-1) 2dx  idy zdz 2dz _
| = J' j J' 2log 2
1 x 2 _|y C, C2 Z‘
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Stokes’s theorem proof:

a simply connected region R, a function f(z) is analytic and its first
partial derivatives are continuous, for any closed path Cin R,

fC f(2)dz=0?
fc f(2)dz = §C udx —vdy + ifc vdx+ udy

() e e,
_J'R£ > ay]dxdnyR[ax ayjdxdy—o

Cauchy-Goursat proof: y N\C
first partial derivatives are finite C
f(z)dz = f(z)dz =07 \
ifc Zj:ifcj Ny L J
f2)-1(z;)) , T
5.(z,2,)= — ~ f'(z;),then|5,(z - 7, | < & .
J

§C f (2)dz :§C f(zj)o|z+§C f'(zj)(z—zj)dz+§C 5(z,2,)(z~2,)dz
0 0 0
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Cauchy integral formula

Z, Is some pointin the interior region bounded by C.

1, f@),
27 ifC z—zodz = Hz)

f(z)/(z-z,)is not analyticat z = z,,.

1§ f(z)dz_ 1§ f(z)dZ:O
2m ¢ z2-1, 27 °C: 7 -1,

C,:|z—zy|=r.

i0
1§ f(2),,_ 1 [ f (2o +1€") ingy_roo 1{ f(2,)d0= f(z,)

27 2—-2, 27 re'’ 21 *C
General formula: Derivative:
1 § f(2) dr f(z,),z, interior £7(2,) = n! § f(2) dr
- = . 0/ — . n+1
27 ¢ 212, 0, z,exterior 27 ¢ (2-2,)
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Laurent expansion

Taylor expansion:

F(2) = 1_§ f(z")dz _ 1_§ f(z')dz" 1 ‘o Z-12,
2m*c 7'-z  2mc 7'-z, 1-t z' -1,
_iff i(z—zo)”f(z’)dz’
2d %S (2-z, )" Uniformly convergent for |t]|<1
N n F7(z,)
=>» (z-z
2 (2-2) —
Laurent expansion:
1 f(z)dz" 1 f(z")dz'
f(-—f 1) 1y 1) Y
2m % 7'—7  2mYC 7'-17,
1 & f(z")dz’ 1 & ap f(ZHd?
— A (Z_ZO)n§C , n+1+ -Z(Z_ZO) §C , n—1
27 &5 (2 -z,)"™ 2745 1(2'-z,)
= Zan(z_zo)n y l B 0 .
”=‘°° * e A X
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Singularit -
Isolated singular point: f(z) is analytic in V*(z,; R).
Laurent expansion: f(z)= Zan (Z -2, )n
Poles: z,isapoleof orderm,a, =0(n<-m<0)anda__ #0
Essential singularity: z,isapoleof order « sinz; e*”
Branch points:
Z, Is a branch point,if f(z)is a multivalued function as z moves 2 around z,
The cut line connects the branch points v
/2 /2 /2
ex f(2)=(2"-1" =(z+1)"*(z-1 AR /N
- G U x
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Residue theorem

Laurent expansion: 0 N 1
f(2)= > a,(z-2) a,=—{ f(z)dz
N=—o0 271 9 (Z’ . Zo )n+1
Integrated term by term:
n+l |4
Z—1
a§ 2-1,) an@ =0, n=-1
n+1 )
i0
g ire’dg
a_lifc(z—zo) dz_a_l§C = 27 ma_, n#-1
1
: f(z)dz =
27z| (2) -
The case of a set of isolated singularities:
ex. |= IOZE f(sing,cosH)do
f (z)dz = Z? f finite single valued rational funtion of &
i 1= e 2 -0

| =(~i)27 ) residues within the unit circle
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Definite integral -
Ex 1.
N Y
0 1+¢&cosé
——i§- _ dz :g§ dz :_.gm. 1 _ 2z
arce Z[L+£(z +22)12] elaez? +(21€)z+1 & 2z+42le|., J1-&?
Ex 2.
| = j f (x)dx
- - - - - y
f(z) analyticin the upperhalf planeexcept for finite poles z
f(z) vanishes faster than 1/z, and single valued.
§f(z)dz— |iij f (x)dx + lim j”f(emR)iedee “
N R—wd—R R—w J0 >
| =27 ) residues in upperhalf plane R 0 R X
R— o
o dX
I =
L<>1+ X
1 1 1 i .1
f(z)=1+Z2 = a_l(z+):(z—zo)f(z)|zzZo =1/2i = | :ZME:n
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Cauchy principle val

Isolated first order pole directly on the contour of integration

§ f(2)dz = j‘s f (x)dx + jc f(2)dz+ j ) L FO0dx+ jcinfinite semicircle

= 27ziZencIosed residues
L f(z2)dz =i,

X0

Define

-R
00 . Xn—O 00
= j f (x)dx = nm{[ "7 (x)dx + j f(x)dx}
—00 0—0 V-0 Xg+0
Ex.
= sin xdx e”dz y
I =J' , theimaginary partof I, = PI ;
o
e"dz ‘dz _ -redx e! dz R €™ dx e’dz
J' +I =0
C, -r C, Vi
'Zdz % e'de 'de .
L PI —=0=P[ = Fin x
vz X = sin xdx 20 Row
o =I =
oy
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[ ] [ ] [} , » d
Dispersion relations
Cauchy integral formula:
f(z) analyticin the upperhalf planeand on the real axis.
Ilm\f(z)\ 0,0<arz <« Y
1L f@,,_ 1 fX
f(ZO)_27zi§Cz—zo 2mj°°x—zodx ¢
f( )——PI f(X)d >
° X — X, R 0 R X
For the complex function f(x): "o
(%) =u(x,)+iv(x) =~ p[* X dx—— p[” U0 gy
T X=X ® X—X,

Dispersion relations:
P Symmetric form: f(—=x) = f*(x)

(Hilbert transforms) V(X)
=— P dx .
H0%) = -[00 X=X, u(x,) :g P >§v(x)2 dx
0 X° —Xg
u(x)
v(xo)_——P_[OOX " dx v(xo)z—EPj xgu(x)2 dx
T X=X,
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Homework

e Chap 7:
7.2.7,7.2.12,7.2.15,7.2.18,7.2.19, 7.2.22,7.2.24
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