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Chapter 5: Differential equations

Partial differential equations
Ordinary differential equations
Nonhomogeneous equations
Self-adjoint ODEs
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2013/10/25 by Guohua Tao

http://web.pkusz.edu.cn/taoguohua Mathematical Methods in Materials Science 1



AR SRS Y ,
Differential equation

Partial differential equations (PDE): two or more variables
Ordinary differential equations (ODE): one variables

Linear operation:

dag(x, y)+by(xy)) __ op(xy)  ow(xy)
OX OX OX

Ingeneral,  [(ap+by)=al(p)+bL(y)
Examples:

Laplace equation  v%, =0 Diffusion equation Vi = iza_')”
ot
. : >
Poisson equation V7 =—pl g, Time-dependent wave equation

Helmholtz (wave) equation  ¢2, 1+ k2, = Viy-—-—w=0

Schrodinger (wave) equation

——Vy+Vy =ih— ~-—Vy+Vy=E
> VY =i v > w+Vy =ty
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Classes of PDE

1. By transform
2. Separation of variables
3. Numerical methods

Solving PDEs

Linear operator:

2 2 2
L= aa—+2b 9 +082+d 0 +ea + f
OX? Ooxoy oy OX oy
Let X,y =& =28(X,y).n=n(X,y)
Characteristic equation:
2
(5] 2(3(3)43)
OX ox \ oy oy
1. Elliptic: D=ac—-b*>0 two solutions complex conjugate
2. Parabolic: D=ac—-b*=0 one solution
3. Hyperbolicc: D=ac-b*<0 two independent solutions
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Characteristics

Assuming d=e=f=0 for simplicity

2 2 2
L= aa—+2b 0 +C 82
OX? OXOy oy

W = F(f),fIq’f(’[,X)
Oy _05dF oy _ocdF | o'y _ 0% dF+£8§Td2F
ox oxdé'at ot dE ox2  oxtde ox) dé&?

Oy _ 6 dF 0505 d’F &y _ 0% dF+(a§jZd2F
oxot  oxot d§ ox ot d&® ' oat® ot de (ot ) dé&?
For the linear

Look for the solution

&= ax+ A

0? d’F  §? d’F 02
l)zyza2 2 ! £ =afi——, QZV:
OX dé& Oxot dé& ot

PDE becomes:

2
(8.0[2 +2bafB+ Cﬁz)zz; -0
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Solutions of PDE

Characteristic equation:

1 /2
aa’ +2bap+cp’=0 r1,2=g—bir(b2—ac)1 ]
1. Elliptic: D=ac-b*>0 two solutions complex conjugate
2. Parabolic: D=ac-b?=0 one solution
3. Hyperbolic: D=ac-b%<0 two independent solutions
Solutions:

D=0: w(xt)= F(§1)+G(§2)’ Gro = X+ 1t

D=0: yw(xt)= F(x—%tjﬂ//o(x,t)G(x—%tj, W, =X,0ry, =t

Examples:
SO (G S cih W NP (A
Hyperbolic: (axz 2 &ij_o Elliptic: (aXZJrayz}//—O
(a_gj _Cz(gjz Lo VYxD=F(5)+G(&,) p(x1)=F(&)+G(&)
ot OX &, =X*ct &, = XLy
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ODE

First order ODE:

dy _ __P(xy)
o Y o)
Separable variables:
dy P(x)
o= ey =- ():L P(x)dx+j Q(y)dy =0

Exact differential equations:

P(X, y)dX+Q(x y)dy =0
Px.y) =22 Q(x,y)= 22 oP(x,y) _ 2Q(x,Y)

oy’ ey  OX
Linear flrst—order ODEs:

= ¢(x,y)=C

apegy=a)  yeo=es|-[ pat]{[ep| [ Pt jas)ds -
LAO L R =v )
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Helmholtz equation in Cartesian coordinates:

R% 52l// R
PYCNPVIP 7Ky =0
Look for the solution:
2 2 2
w(X,Y,2) = X(X)Y(Y)Z(2) 10 >2< :_|2’£%:_m2’ 10 % N2 KE = 1% 4 m? 42
X ox Y oy Z oz

V= ZalmnWImn’ Wlmn = XI (X)Ym (y)Zn(Z)

I,m,n

Spherical polar coordinates:

2
5 1 Sineg(rzal//j+ J (Sinﬁal//j+al/g +k’w =0
resiné or or ) o6 00 ) Op

y(r,0,9) =R(r)0O)D(¢) Wan(r,0,0) = 3 Ry (NOg, ()@, ()
Q.m
2 2
< d(rzde +kR-2R g, L i(sin@“'@j— " g.Qe=0, 92
r* dr dr r sing dé& dé) sin“o ® do
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Linear 2" order ODE

Homogeneous: Nonhomogeneous:
d®y dy d®y dy
—+P(X)—=+0(x)y=0 — 4+ P(X)—=+0(x)y=F(x
dx2+()dx Q(x)y ™ ()dx Q(x)y =F(x)
solutions:

y(x) =y, (X) +C,¥,(X) w particular solution from F(x)

Linear independence of solutions:

Zk/ﬁ”ﬂ, =0, Zkﬂ,(”; =0,... Zkzgp/(im) =0
p p A

Wronskian:
Ex. Solutions of linear oscillator
2 O, e P
wol & % - e y'+a'y =0
@, =Sin(wx), ¢, = cos(wX)
A
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The 2" solution

Homogeneous: Wronskian:
/4 !/ y y / [
y"+P(X)Y +Q(X)y =0 W = yl, yf A A
1 2
Differentiating W: l
W' = —P(X)W W:ylzi[ﬁj
dx\ y;

=W (x) =W (a) eXp[— [ P(xl)dxl} /
\

The 2" solution:

X exp[— [ P(xl)dxl}

Y2 (X) = y1(x) dx,, W(a) =1
2 ol Vi (%) 2
Ex. Solutions of Chebyshev equation
(1—x2)y”—xy’+n2y:0
P, =— 1-x°

y,(x)=xforn=1¢, =7
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Green’s function

Homogeneous: Nonhomogeneous: Solutions:
d’ d? d
: TP QY =F(0 Y00 =6y, 00+ Gy, 00+ Y, (0

Green’s function:
A solution to Poisson’s equation with a point source
V2G =-4(r,-r,) VZ‘//:—g—o
Green’s theorem
[vG-Gviylr, = [(pWG-GVy)-do =0
= IWZGdrz = IGVzl//drz

Poisson’s equation

— (R =[Ol )pr)dz,

Source and potential: Ex. Electrostatic potential
1 1 (r,)
G(rl’ r2): l//(rl) P d q| p(r)d
— T
4lr,— ) I‘r —r| 47&5‘0 Z L A, '[

General 2" order linear nonhomogeneous differential equation

Ly(rl):_f(rl) LG(rl’rz):_5(r1_r2) y(r) :IG(r11r2)f (r,)dz,
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Green’s function

Examples:
Laplace V? Helmholtz Modified 22
V% +k? Helmholtz
1 exp(ik\rl—rz\) exp(—k\rl—rz\)
3 D space Gr, U]
P (rr) 4rlr,—r,| 4r|r, -, 4zlr,—r,|
Quantum scattering:
h® 2m 2mE
—ZEV%4W+VUW4O=EWOO V%&Q+W@U):{}%7vaﬂw0)18: -
" eikr
r~e " +f (6, Ky f2m
l//() k( ¢) r l//(l’)"'ekO _J._ZV(rz)'//(rZ)G(rl’r2)d3r2
) . h
no scattering outgoing scattered
The solution: " 2m eXp(ik\fl—sz
r,) ~e" o — [ =V (r,)w(r d’r
(n) Pz Ve =,
Neumann series:
0-th order .. 1t order ik T 2m ik, T eXp(ik‘rl_rz‘) 3
r:e'orl r.) ~e™oh _Vreoz dr
l//o( 1) l/j( 1) J. hz ( 2) 472_‘r1_r2‘ 2
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Meetoer Function space

The collection of »eeters functions forms weeter function space. And it has the
following properties:
1. Vector function equality

1. A=B=>A=B
2. Addition
1. Associativity (A+B)+C=A+(B+C)
2. Commutativity A+B=B+A
3. Distributivity a*(A+B)=a*A+a*B; (a+b)*A=a*A+a™*B

3. Scalar multiplication
1. Compatibility a*(b*A)=(a*b)*A
2. ldentity element 1*A=A
4. Negative of a veeter function (inverse element)
A+(-A)=0
5. Null veeter function (identity element of addition)
A+0=A for any A
Inner product

(f|g)= jb £ (x) g (X)W(x)dx
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Adjoint operator

Adjoint:

L, M are operators in the function spaceV, Vu,veV
(v,Lu)=(Mv,u) ie. Iabv*Ludx:jab(Mv)* Ldx

Self-adjoint: (v, Lu)=(Lv,u)
Ex. g d
=" Y@=yb).y=uv L=l y@=y®)y=uv
X

jbdludx jbv*(i d_uj b(i yj udx
a dx a { dx

Properties for self-adjoint operators:

*du

1. Eigenvalules are real
2. Eigenfunctions are orthogonal
3. Eigenfunctions form a complete set
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Strum-Liouville ODEs

S-L equation: d dy
&[ P(Xx) &} + [/Ip(x) - q(x)]y =0 p(x),q(x), p(x) are real functions.
. d d | b

Transformed: l L:—&{p(x)&fq(x) <y1|y2> =J‘a ys (X)Y, (X) p(X)dx

Ly =Ao(X)y L= _di{go(x) di_ Fu () (uy|u,) =I: u; (x)u, (x)dx

u(x) =/ () y(x) | o0 1], a0
. p(x) = y(x)= { 0-S }

L'u(X) = Au(x) p(x)’ \/_ dx dx \/p(x) | p(X)

Theorem:

. OV d ~ du, du,
u,L'u, _(L ul) u, :_&|:§0(X)£ul E‘u E}}

UIL'UZ _(L'ul)*uz = YILY2 _(Lyl)* Y, == YII—Y2 _(Lyl)* Y, = (;j {p(x)(yl C; Y2 P, H

dx
Theorem:
: .. L <y, dy1 B
L is self -adjoint under the boundary condition : p(x)| v, i y, —— r =0
X
a
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Homework

 Chap 9:

9.2.11,9.6.11, 9.6.13, 9.6.25, 9.6.26
* Chap 10:

10.1.6, 10.1.8, 10.2.8, 10.2.10
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