
Chapter 5: Differential equations

1. Partial differential equations

2. Ordinary differential equations

3. Nonhomogeneous equations

4. Self-adjoint ODEs
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Linear operation: 

Examples:

Differential equations
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Partial differential equations (PDE): two or more variables
Ordinary differential equations (ODE): one variables 
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In general,

Laplace equation

Poisson equation

Helmholtz (wave) equation

Diffusion equation

Time-dependent wave equation
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Classes of PDE
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Linear operator:
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Solving PDEs
1. By transform
2. Separation of variables
3. Numerical methods

Characteristic equation:

1. Elliptic:                                                   two solutions complex conjugate
2. Parabolic:                                               one solution
3. Hyperbolic:                                            two independent solutions
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Assuming d=e=f=0 for simplicity
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Look for the solution

PDE becomes:
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Characteristic equation:
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1. Elliptic:                                                   two solutions complex conjugate
2. Parabolic:                                               one solution
3. Hyperbolic:                                            two independent solutions
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ODE
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First order ODE:

),(

),(
),(

yxQ

yxP
yxf

dx

dy


Cyx
yxQyxP

y
yxQ

x
yxP

dyyxQdxyxP























),(
x

),(

y

),(
  ,),(  ,),(

0),(),(



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Exact differential equations:

Linear first-order ODEs:
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Helmholtz equation in Cartesian coordinates: 

Separation of variables
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Linear 2nd order ODE 
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Linear independence of solutions:

Ex. Solutions of linear oscillator

particular solution from F(x)
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Green’s function
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Source and potential: Ex. Electrostatic potential
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The collection of vectors functions forms vector function space. And it has the 
following properties: 
1. Vector function equality

1. A=B => Ai=Bi

2. Addition
1. Associativity (A+B)+C=A+(B+C)
2. Commutativity A+B=B+A
3. Distributivity a*(A+B)=a*A+a*B; (a+b)*A=a*A+a*B

3. Scalar multiplication
1. Compatibility a*(b*A)=(a*b)*A
2. Identity element 1*A=A

4. Negative of a vector function (inverse element)
A+(-A)=0

5. Null vector function (identity element of addition)
A+0=A for any A


b

a
dxxwxgxfgf )()()(*

Inner product

Vector Function space
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• Chap 9:

9.2.11, 9.6.11, 9.6.13, 9.6.25, 9.6.26

• Chap 10:

10.1.6, 10.1.8, 10.2.8, 10.2.10 


