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Chapter 6: integral transforms

Green’s function
Integral transforms
Integral equations
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Examples
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Green’s function

Homogeneous: Nonhomogeneous: Solutions:
d’ d? d
: TP QY =F(0 Y00 =6y, 00+ Gy, 00+ Y, (0

Green’s function:
A solution to Poisson’s equation with a point source
V2G =-4(r,-r,) VZ‘//:—g—o
Green’s theorem
[vG-Gviylr, = [(pWG-GVy)-do =0
= IWZGdrz = J.szl//d‘l'z

Poisson’s equation

— (R =[Ol )pr)dz,

Source and potential: Ex. Electrostatic potential
1 1 (r,)
G(rl’ r2): l//(rl) P d q| p(r)d
— T
4lr,— ) I‘r —r| 47ng Z L A, '[

General 2" order linear nonhomogeneous differential equation

Ly(rl):_f(r1) LG(rl’rz):_5(r1_r2) y(r) :IG(r11r2)f (r,)dz,
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Green’s function

Examples:
Laplace V? Helmholtz Modified 22
V% +k? Helmholtz
1 exp(ik\rl—rz\) exp(—k\rl—rz\)
3 D space Gr, U]
P (rr) 4rlr,—r,| 4r|r, -, 4zlr,—r,|
Quantum scattering:
h® 2m 2mE
—ZEV%4W+VUW4O=EWOO V%&Q+W@U):{}%7vaﬂw0)18: -
" eikr
r~e " +f (6, Ky f2m
l//() k( ¢) r l//(l’)"'ekO _J._ZV(rz)'//(rZ)G(rl’r2)d3r2
) . h
no scattering outgoing scattered
The solution: " 2m eXp(ik\fl—sz
r,) ~e" o — [ =V (r,)w(r d’r
(n) Pz Ve =,
Neumann series:
0-th order .. 1t order ik T 2m ik, T eXp(ik‘rl_rz‘) 3
r:e'orl r.) ~e™oh _Vreoz dr
l//o( 1) l/j( 1) J. hz ( 2) 472_‘r1_r2‘ 2
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Inhomogeneous Helmholtz equation: Homogeneous:
VA (r) + K2y (r) =—p(r) Vi, (r)+kie,(r)=0

Green’s function: Eigen-function expansion:

VZG(r,,r,)+k*G(r,r,)=-0(r,—r,) G(r,,r,) Za (r,)e,(r)

\ Y )
I I
G(r.r,) Zcon( )con( >)
n=0

General inhomogeneous differential equation

Ly + Ay =—p Green’s function satisfies:

LG(rl’ r2)+ ;tG(rll I’2)= —5(!’1 - I’2)
Eigen-function expansion:

Z D, (r1)¢n (r )

The solution to the differential equation:

w(r) = JG(rl’ r, )p(rz)dfz

Mathematical Methods in Materials Science
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S-L equation:
Ly(x) + f(x) =0 L:i{p(x)i}q(x)
dx dx
Define: |G (x)=0, a<x<t
LG,(x)=0, t<x<b
Boundary conditions: lim G, () = lim G, (x)
t_ ! B X—t, 2
y(2) =0, 0r y'(a) = 0,0r ay(a) + Ay (a) ] ) .
y(b) =0, 0r y'(b) =0, or ay(b) + Ay'(b) w0 G =
—_  y(X)= fe(x,t) f(t)dt
Construction of Green’s function:
c,v(t)—cu(t)=0

G(x.1) = cu(x), asx<t
" lev(x), t<x<b

Unique solution if:

1
V(1) —cu'(t) = ——
C,v'(t) —cu'(t) o0

u(t) v(t A
O uv e v =
u't) v'(t) p(t)
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Strum-Liouville ODE

Green’s function for S-L equation:

LY+ 1000 L=21p00:5 |a0

(—iu(x)v(t), a<x<t dx

G(x,t) =+ A b
—%u(t)v(x), t<x<b y(x) = _L G(x1) T (t)dt
\ solution?

Proof: oy = -% [ veou f (et —% [ uEove f @t

!/ 1 X !/ 1 b !
y'(X) = = j V' (X)u(t) f (t)dt = j UV T ey | y(x)+ F (%) =0
y"(X) = —% va"(x)u(t) f (t)dt —% iju"(x)v(t) f (t)dt

1 ! !
= WOV ) =vOU O] ()
u(x), v(x) satisfies the
Boundary conditions: homogeneous S-L equation

y(a)=—=1 [ v f (t)dt = cu(a) aui(a)— Ar'(a) =0

y'(a) = —&A&‘) [ v f ()t =cu'(a)
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Equivalence

Differential equation -> integral equation

li =i
Ly(x)+ f(x)=0 Gx.1) = {Gl(x,t), a<x<t AMGH=lMG,(x)
d d GZ(X,t), t<x<b iGZ(X) —iGl(X) :_i
L= d_|: p(X) _:l +q(x) dx ¢ Ox t p(t)
X dx P,

_— v(X) :J.:G(X,t) f (0l (dis)continuity

Proof: A 5
_ L G(x,t)Ly(x)dx = _[a G(x,t) f (x)dx

- jt G, (x,t)Ly(x)dx
= -G (x )P (), + [ Gi(x. 1) p(¥)y (X [ G, (x, Da(x)y(x)dx

=G, (x ) P()Y (), +[GI(x ) PV, [ Y(ILG, (x,)elx
LHS =[G, (x,t) POy ()], +[GL(x,1) PO ().

G, (Xt ') +1G! t b Same boundary conditions for G(x,t) and y(x)
+‘ (2t§X )Py (X)‘t +‘ (X )p(x)y(x)\t and (dis)continuity for G and G’
t <> X y(x) = j G(x,t) f (t)dt

2013/10/31 by Guohua Tao
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Examples

Linear oscillator: y"(X)+ Ay(x) =0 y(0) =y(1) =0

To construct Green’s function:

(1
——u(x)v(t), 0<x<t
G(x,1) =5 ﬁ W = u,(t) V,(t) _ V(D) — V(U (L) = —
—Xu(t)v(x), t<x<1 u®m v p()
u(x) =x,v(x)=1-x p(xX)=LW=-1=A=-1

G B X(1-t), 0<x<t 1
L G(xt) = Hox), t<x<l y(x):ﬂIOG(x,t)y(t)dt

The solution of differential equation:
y(x) =sin(nzx), A =n’z’

? 1
= y()=2] G(x )yt
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Integral transforms

Green’s function: y(x) = J':G(x,t) f (t)dt

General transforms:

b
g(c) = j K (a,t) f (t)dt
Most useful transforms: Linear transforms:

) f (t)e'*dt, Fourier g(a) = LT (1)

1
g(w) = E LO
g(a) = .ZO f(t)e“dt, Laplace

d(a)= N f (O, (at)dt, Hankel Inverse transforms:
ft)=L"9(x)

g(@)=] [ f(t)t“‘ldt Mellin
Ex:

1 IK-r
g(w) = \fj f (t)cos(wt)dt, Cosine g(k):(zﬂ)slzj f(r)e d%r
g(w) = \/:J':f(t)sin(a)t)dt, Sine f(r)—( S/ZI g(k)e " dk
T
201310731 by Buohua Fao Mathematical Methods in Materials Science 9
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Fourier transforms
Fourier integral theorem:

F(x) = i [ dof” O coslo(t— 0k

f(x) is (1) piecewise continuous, (2) differentiable, (3) absolutely integrable.

Exponential form:
1 ©  _iax © it
f(x)= o Loe do Lo f (t)edt
Fourier transforms: Inverse transforms:

(@)= 10e"at f00=—7=]"

1 © io(t—x
Delta function: 5('[—X)=—2 et e
JT ¥—°

g(w)e'dw

Fourier transforms of derivatives:

0.(0) = S dt=-iog(0) 0,(w) = ([0 (@)

2013/10/31 by Guohua Tao
http://web.pkusz.edu.cn/taoguohua

Mathematical Methods in Materials Science 10



PRI R ‘ 3?
Applications
1-D wave equation: Fourier traniforms:
u(0) = 13, FE =90 ) = [ k. ok
In k-space:

o°U(k,t)

2n A
a u(kit) +C2k20(k,t)—H(k,t):|eikxdk :O — atz +Czk20(k1t): H(kit)

1 r{
Jord=|  at?
-, G(k,t) = A(k) cos(ckt) + B(k)sin(ckt) +Cik j; H (k,t,)sin[ck (t —t,)]dt,

1 = sin(ckt) ¢t sin[ck (t —t,)] o,
:ﬁjw{f(xl)cos(ckthg(xl) ot [[HOwt) . dtl}e dx,

The solution: .
u(x,t) =— )
/27[ I—oo

= i [~ ek j“;e‘kxldxl{f (x,) cos(ckt) + g (x,) sin(ckt) +Cik J;H O tsinfek(t —tl)]dtl}

2013/10/31 by Guohua Tao
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Wave equation

The solution:

u(x,t) = i j“; ek j“; e”‘xldxl{f (x,) cos(ckt) + g (x,) sin(ckt) +i j; H (x,,t,) sin[ck t —tl)]dtl}

First term: Second term:
iro e‘”‘xdkfo e"“dx, f (x,) cos(ckt) Jm dxlg(xl)iro g O i(e‘C"t —g ™ )dk
272- —0 -0 — 2721 - 2Ck
[~ 1 = —ikx 4 ikx; 1 ickt —ickt _ 1 (=
= LO dx, f (xl)gj'_we e E(e e )k _Z_CL’O dx, g (x)[h(x = x +ct) —h(x—x, —ct)]
1 1 1 pex+ct
=—f(x+ct)+=f(x—ct =—| dxg(x
> fOeret) + 2 f (x-ct) S CLIEY
Third term (source): 1 x+c(t-t)
=0 IO dt, L_C(t_tl) dx,H(x,,t,)

The image here is removed

Special case due to copy right issues
(1) Point source:

H(x,t) =6(x—X,) f (t) f (t) = cos(at)

1 ¢t x+c(t—t;) _ _
U (1) = 2_C.[o dtljx—C(t—t ) dx,6 (%, — %) f(t) u, (x,t) = iSil’]{a)(t _ X% ﬂ fort > X~ %
! Cwo C C
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Doppler’s effect

(2) Moving source:

H(X,t) = o(x—x, —Vvt) cos(at)

IX+C(t_tl)dX15(X1 —Xq _th) COS(CUtl)

x—c(t—t;)

1 et
u, (x,t) = — jo dt,

Forv<c
0 t< X%y
’ C Images here are removed
0L () =4 —Losin Lot X o] Xy XK due to copy right issues
A 20C \C—V cC—V C v
1 . X—X X-X
—sm(ﬁua) 0), 0 <t
2aC C+V C+V v Red shift
Forv>c
X-X
0, t < =0
v
1 . ([ @C —X . ([ @C X—X X-X X-X
uH(x,t):<—{sm( t+ow °]+sm(—t—a) Oﬂ Y R
2aC C+V C+V cC—V c—V v C
1 . X — X X-X
sm(mC t+w Oj, 0 <t
L 2aC C+V C+V C
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Laplace transforms

Definition:
f(s)= L[F (t)] = ro F(t)e™dt, Laplace Linear transforms:
F(t)=— _[ f(s)e*'ds, inverse transform F(t)=L"[f(9)]
Examples: .
_ (T astr — = _ [ sty
L[l]_joe dt_s, $>0 L[coskt]_f0 cos kte dt_Serk2
L|e®]= [ efetdt= L ssk Lfsinkt]= ["sinkte dt = K
0 s-k 0 s* +k°
Derivatives:
dF(t) et = o~ o * —st q¢ _
L[F'(t)]= j dt=e F(t)\0 +s jo F(t)edt = sL[F(t)]- F(0)
Harmonic oscillator:
X0 L kX =0, X(0)= X, , X'(0) =0
S K
mL{d X(t)} +KL[X ()] = 0= ms?x(s) —msX (0) +kx(s) =0 X(8) =Xy 57— @ =—
dt? S+, m
X (t) = X, cos(aw,t)
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