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Chapter 7: Quantum Mechanics

Uncertainty principle
Representation
Quantum dynamics

= W

Approximate methods
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Commutation relations:

?

[X, Y=Y, X]

Classical-quantum mechanical correspondence:

Poisson bracket: { }_ ou ov Oou ov Canonical coordinates
u,v —Z 29, op, _8pr aq, and momenta

r

1. Bilinear
l[aX +bY,z]=a[X,z]+b|Y,Z]
|z

[z,aX +bY]=a|z, X ]+b
2. Multiplication

3. Skew symmetric

4. Jacobiidentity

Example:

1
{Xi’ pj}:é‘ij { : }_)E[ ' ] lxiiij:ihdj |.Xi’XjJ:0’ lpi’ij:O
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Lie algebra

Definition:
V is n-dimensional vector space on number field R
VvX,Y eV, theLie product[X,Y |eV

1. Bilinear [aX+bY Z]
|Zz,aX +bY]

2. Skew symmetric

[X.Y]=-]y, X]
3. Jacobi identity

[x.y}z]+[ly.z} x]+[lz, X} Y]=0

a|X,z]|+bl|Y,z]
a|lz, X |+b|z

A vector space V with a bilinear skew-symmetric operation V xVV —V
, Which satisfies the Jacobi identity.

Example:
The set of n x n matrices becomes a Lie algebra if we define the commutator by [A,B]=AB-BA.
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Uncertainty prlnC|pI

Variance (mean square deviation):
AA=A-(A)

((anF)=((A-(A)F ) = (A7)~ (A)’
(a|a)(B| B) = || BY

(a| )=~ B)+(Ble)+ (x| B)~ (] 0)]

Schwarz inequality:

Uncertainty relation:

(@] B) = S (| 8- (Bla) =2 AR -BAY
The other way:
(8AY){(aB)) > |(AAAB)[ Example:

h
.pl=Ih AXAp > —
AAAB:%[AA,AB]+%{AA,AB} bx.p)=1 P27
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Wave function

Position space

!

xx’>:x

<X”

X)

X')=5(x"—X')

Representation:

<a|a> =Idx’<a X

Wave function in position space
Ve (X’)= <X’|a>
(B|Aar) = [ax [ (s X)X at) example:
= Idx Idx” 5 (XX | A x ">z//a(x”) A=1(x)

Eigenfunction expansion:

@)= 3 |a e )
(X|a)= (x|’ )e'| ) = . (<

Ol'
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Momentum operato

Translational operator:

- ’ N . ,
T(AX’)A()z lim (1_Mj =exp (_ Mj

N — Nh h

Momentum operator:

(1_ %} o) = [T (X ) ¢ @) = [ ] + AXYX'| )
WX —AX| J'dx| ( ai,<x’|a>j

05>= ' 6?('<X, Ot> < |p| ”> ( |h§}5(x'—x”) Matrix element

Properties:
(x

: a ' 1ok (! : 8

(Blpla) jdx (B|X) |h&<x |a>j=jdx v (X {— ~
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Representation

Transformation function:

(x[p| ') =-in— (x| ') = P

=(x'|p")=N exp(iphx’j (x|x7) = [dp'{x

1
=IN|*27:5(X = x")= N = ——
_ ' o o

Dual space transformation:

!

p’)

PP’

(x|a) = [dp'(x| p)(p'| ) v, (X)= ﬁ | dp'em(ip:' ACY
(Ple) = ox(p')xle) 0.(0)= L Jocen[ -2 ), 0
Gaussian wave packet
(X'|at) = ( ﬁ j exp(_ ZX:Z N ier] Verify uncertainty relation
(x)=?,<p>:?,<x2>=?,<p2>=? <p' 0‘>:?
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Propagator

Time evolution operator:
|ty =U (Lt | e ty) (a,ty;t| e toit) =(a by |, ) = U (4t U (1) =1

U(tz’to):U(tz’H)J(tl’to) (tz >t >to)

Infinitesimal time evolution operator:

U(t, +dt,t,)= 1—%

Schrodinger equation:

U(t+dt,t0)=U(t+dt,t)J(t,to)z(l—%ju(t,to)

G, R _
120~ HU) i artit) = Hlartit

What’s the solution? U('[,'[O)z?

. H time independent Il. H time dependent, and

U(t’to):exp{#t—to)} commute at different t U(t,to)zexp[—% t: dt’H (t')}

lll. H time dependent, but
NOT commute at different t 1+Z( j J. dtJ. dt,. j dt H(t H(t,)
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Heisenberg picture

Unitary transformation:

@) >U|a) (Bla) > {8V U|a)=(p|a)
(BIX|er) = (U X U] )= (U XU ) X —>U"XU
Example: T(dx) =1 ip-dx’
Schrodinger’s picture: Heisenberg’s picture:
o) —> [1— Ip- dX,j\a), X —> X la) > |a),x—> (1+ Ip- dx’]x(l— P dx’j
h h h
The physics: <x>—><x>+<dx’> ?
Infinitesimal time evolution operator:
—iHt
U(t,to = O)EU(t,to = 0)=€Xp|: Ih :| A(H)(t) EU+(t)A(5)U (t)

Heisenberg equation:
dA™(t) ouU*(t)
dt ot

= —%U F(HHU MU () APU (1) +%U “()ASU (U ()HU (1) =%[A(H), H® ]

ABU (t) +U (1) A® —algt(t)
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Equation of motion

Schrodinger: Heisenberg equation:
ihg\a,to;w: H|at, ;1) dA<d“t>(t) L, o]
14
Example: X, FEI=in,  [pG(]=-inZ>
A free particle of mass m op; OX;
2 2 2
P> _ PP+ P dp, _ 1
= = —L=—|p;,H|=0
3 2m 2m dt in [p..H]
.(0) [ (). %0)]=?
- = e h— = =
dt |h[ ] i 2m op, (ZL‘ Pi } m <(Axi )2>t<(AXi )2>t_0 27
A particle of mass m under a potential V(x)
p’ dp, 1 d dx, 1 p,
= i =[p H|=——2V o~ [x H]=&
H=2n VK & ~inlPo ] ox ' ¥ raalrL Tl
d’x. 1] dx p. 1 dp, d’x dp
I Bk R S L H == J4r_4v°0_
dt® h{ dt } |h[ } m dt m dtZ  dt WV (x)
Ehrenfest theorem 2
d d(p
o= vy
2013/11/7 by Guohua Tao Mathematical Methods in Materials Science

http://web.pkusz.edu.cn/taoguohua



PR A I R B

Examples

Harmonic oscillator: p? 1 5,
H="—+V(X) V(X) ==mox
2m 2
d’x dp 3 2 X(t) = x(0 coswt+&sma)t

p(t) = —max(0) sin wt + p(0) cos wt

The other way:

X(t) = exp(%jx(m exp(— %j

_X(O)J{h)[H (0)] l(;j [H,[H,X(O)]]+... Baker-Hausdoff lemma

[Hx©]= "2 [, p@)] = inmax(©

X(t) = exp[ j(O) [%}

1 la)t p(O)

_x(0)+pr(n) STASORE P(O)

= X(0) cos wt + ——=sin ot
Mo

2013/11/7 by Guohua Tao

Mathematical Methods in Materials Science
http://web.pkusz.edu.cn/taoguohua



